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a b s t r a c t
This work is concerned with the existence of positive solutions for the neutral delay
differential equation with positive and negative coefficients
[x(t)− R(t)x(t − r)]′ + P(t)x(t − τ)− Q(t)x(t − σ) = 0,
where P,Q, R ∈ C ([t0,∞),R+) , r > 0, τ ≥ σ ≥ 0.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
In this work, we investigate the existence of positive solutions of the following neutral delay differential equation with
positive and negative coefficients:
[x(t)− R(t)x(t − r)]′ + P(t)x(t − τ)− Q(t)x(t − σ) = 0, (1)
where P,Q, R ∈ C ([t0,∞),R+) , r > 0, τ ≥ σ ≥ 0. Further, we assume that
H(t) = P(t)− Q(t − τ + σ) ≥ 0, and not identically zero. (2)
The oscillation and nonoscillation of Eq. (1) have been investigated by several authors; see for example [1–12]. The first
results for oscillation of Eq. (1) require the following condition:∫ ∞
t0
(P(s)− Q(s− τ + σ)) ds = ∞, (3)
which has played a very important role in the study of (1). Luo et al. [6], Tang and Yu [9] obtained some results for the
oscillatory and nonoscillatory behaviors of Eq. (1) which do not require condition (3). They used the following condition:
R(t)+
∫ t
t−τ+σ
Q(s)ds ≡ 1. (4)
However, Öcalan [11] obtained oscillation results for Eq. (1) which do not require condition (4).
Let µ = max{r, τ}; by a solution of Eq. (1), we mean a function x(t) ∈ C ([t1 − µ,∞),R) for some t1 ≥ t0 such that
x(t)− R(t)x(t− r) is continuously differentiable on [t1,∞) and satisfies Eq. (1) for t ≥ t1. A nontrivial solution x(t) of Eq. (1)
is said to be oscillatory if it has arbitrarily large zeros. Otherwise, the solution is called nonoscillatory.
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For any real number k ∈ [0, τ − σ], let
Zk(t) = R(t)+
∫ t
t−k
Q(s)ds+
∫ t−k+τ−σ
t
P(s)ds ≡ 1. (5)
In this work, our aim is to give some new conditions for the existence of positive solutions of Eq. (1) under the condition
(5).
Throughout this work, we let
ρk =
{
r, when Q(t) ≡ 0 and k = τ − σ
max{r, τ}, otherwise
δk =
{
r, when Q(t) ≡ 0 and k = τ − σ
min{r,σ}, otherwise.
2. Existence of positive solutions for Eq. (1)
In this section, we shall give some sufficient conditions for the existence of positive solutions of Eq. (1). Firstly, we will
give some basic lemmas which we will use in the proofs of theorems. We remark that the first two lemmas are given in [11].
Lemma 1 ([11]). Suppose there exists a real number k ∈ [0, τ − σ] such that
Zk(t) = R(t)+
∫ t
t−k
Q(s)ds+
∫ t−k+τ−σ
t
P(s)ds ≤ 1 (6)
for large t. Let x(t) be an eventually positive solution of the differential inequality
[x(t)− R(t)x(t − r)]′ + P(t)x(t − τ)− Q(t)x(t − σ) ≤ 0. (7)
and the z(t) defined by
z(t) = x(t)− R(t)x(t − r)−
∫ t
t−k
Q(s)x(s− σ)ds−
∫ t−k+τ−σ
t
P(s)x(s− τ)ds. (8)
Then we have eventually
z′(t) ≤ 0 and z(t) > 0.
Lemma 2 ([11]). Suppose there exists a real number k ∈ [0, τ − σ] such that
Zk(t) = R(t)+
∫ t
t−k
Q(s)ds+
∫ t−k+τ−σ
t
P(s)ds ≥ 1 (9)
for large t. Let x(t) be an eventually positive solution of (7) and z(t) be defined by (8). If the following second-order differential
inequality:
x′′(t)+ 1
ρk
H(t − k+ τ − σ)x(t) ≤ 0 (10)
does not have an eventually positive solution, then eventually
z′(t) ≤ 0 and z(t) < 0.
Lemma 3. Assume that (2) holds and there exists a real number k ∈ [0, τ − σ] such that (5) holds. If inequality (7) has an
eventually positive solution x(t), then Eq. (1) has an eventually positive solution x(t) with 0 < x(t) ≤ x(t) eventually.
Proof. Assume that x(t) is an eventually positive solution of (7) and z(t) is defined by (8). From Lemma 1, there exists a
positive number t1 > ρk such that
x(t) > 0, z(t) > 0, z′(t) ≤ 0, t ≥ t1. (11)
Set M = 2−1 min{x(t) : t1 − ρk ≤ t ≤ t1} > 0; by the same argument as in the proof of Lemma 2 in [8], we have
x(t) ≥ M for any t ≥ t1 − ρk. (12)
86 Ö. Öcalan / Applied Mathematics Letters 22 (2009) 84–90
From (7) and (11), we have
x(t) ≥ R(t)x(t − r)+
∫ t
t−k
Q(s)x(s− σ)ds+
∫ t−k+τ−σ
t
P(s)x(s− τ)ds
+
∫ ∞
t
H(s− k+ τ − σ)x(s− k− σ)ds, t ≥ t1. (13)
Define the sequence of functions {xi(t)}∞i=0 as follows;
x0(t) = x(t), t ≥ t1,
xi(t) =

R(t)xi−1(t − r)+
∫ t
t−k
Q(s)xi−1(s− σ)ds+
∫ t−k+τ−σ
t
P(s)xi−1(s− τ)ds
+
∫ ∞
t
H(s− k+ τ − σ)xi−1(s− k− σ)ds, t ≥ t1 + ρk
x(t), t1 ≤ t ≤ t1 + ρk, i = 1, 2, . . . .
(14)
By (5), (12)–(14) we have for t ≥ t1 + ρk
x1(t) = R(t)x(t − r)+
∫ t
t−k
Q(s)x(s− σ)ds+
∫ t−k+τ−σ
t
P(s)x(s− τ)ds
+
∫ ∞
t
H(s− k+ τ − σ)x(s− k− σ)ds ≤ x(t) = x0(t),
x1(t) = R(t)x(t − r)+
∫ t
t−k
Q(s)x(s− σ)ds+
∫ t−k+τ−σ
t
P(s)x(s− τ)ds
+
∫ ∞
t
H(s− k+ τ − σ)x(s− k− σ)ds
≥
(
R(t)+
∫ t
t−k
Q(s)ds+
∫ t−k+τ−σ
t
P(s)ds
)
M = M,
and for t1 ≤ t ≤ t1 + ρk,we also have
M ≤ x1(t) ≤ x(t) = x0(t).
So M ≤ x1(t) ≤ x0(t) for t ≥ t1. By induction, we obtain
M ≤ xi+1(t) ≤ xi(t) ≤ x(t), for t ≥ t1 and i = 0, 1, 2, . . . ,
where i = [(t − t1)/ρk] and [.] denotes the greatest integer function. Thus, the sequence of functions {xi(t)} has a pointwise
limiting function x(t)with M ≤ limi→∞ xi(t) = x(t) ≤ x(t) for t ≥ t1. From (14) we find
x(t) =

R(t)x(t − r)+
∫ t
t−k
Q(s)x(s− σ)ds+
∫ t−k+τ−σ
t
P(s)x(s− τ)ds
+
∫ ∞
t
H(s− k+ τ − σ)x(s− k− σ)ds, t ≥ t1 + ρk
x(t), t1 ≤ t ≤ t1 + ρk.
It follows that
[x(t)− R(t)x(t − r)]′ + P(t)x(t − τ)− Q(t)x(t − σ) = 0, t ≥ t1 + ρk.
It is obvious that, x(t) is an eventually positive solution of Eq. (1) with 0 < x(t) ≤ x(t) eventually. Thus, the proof is
complete. 
Lemma 4. Assume that (2) holds and there exists a real number k ∈ [0, τ − σ] such that (5) holds. If the differential equation
y′′(t)+ 1
δk
H(t − k+ τ − σ)y(t) = 0 (15)
has an eventually positive solution, then so does Eq. (1).
Proof. We give only the proof in the case where Q(t) ≡ 0 and k = τ − σ do not hold simultaneously. For the case
Q(t) ≡ 0 and k = τ − σ, the proof is quite similar and is omitted. Let y(t) be an eventually positive solution of (15). Then
there exists a positive number t1 such that
y(t) > 0, y′(t) > 0, y′′(t) ≤ 0, t ≥ t1. (16)
Set u(t) = y′(t); then u(t) > 0, u′(t) ≤ 0, t ≥ t1, and
y(t) =
∫ t
t1
u(s)ds+ y(t1). (17)
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Define a function x(t) as follows:
x(t) =

y(t1)
δk
, t1 ≤ t ≤ t1 + ρk,
u(t)+ R(t)x(t − r)+
∫ t
t−k
Q(s)x(s− σ)ds+
∫ t−k+τ−σ
t
P(s)x(s− τ)ds,
t1 + ρk + iδk < t ≤ t1 + ρk + (i+ 1)δk, i = 0, 1, 2, . . . .
Then x(t) > 0 for t ≥ t1 and
u(t) = x(t)− R(t)x(t − r)−
∫ t
t−k
Q(s)x(s− σ)ds−
∫ t−k+τ−σ
t
P(s)x(s− τ)ds, t ≥ t1 + ρk, (18)
x(t) ≤ 1
δk
∫ t
t1
u(s)ds+ 1
δk
y(t1), t1 ≤ t ≤ t1 + ρk. (19)
For t1 + ρk ≤ t ≤ t1 + ρk + δk, by (5), (18) and (19) we have
x(t) = u(t)+ R(t)x(t − r)+
∫ t
t−k
Q(s)x(s− σ)ds+
∫ t−k+τ−σ
t
P(s)x(s− τ)ds
≤ u(t)+
(
R(t)+
∫ t
t−k
Q(s)ds+
∫ t−k+τ−σ
t
P(s)ds
)(
1
δk
∫ t−δk
t1
u(s)ds+ 1
δk
y(t1)
)
≤ 1
δk
∫ t
t−δk
u(s)ds+ 1
δk
∫ t−δk
t1
u(s)ds+ 1
δk
y(t1)
= 1
δk
∫ t
t1
u(s)ds+ 1
δk
y(t1).
By induction, one can easily show that
x(t) ≤ 1
δk
∫ t
t1
u(s)ds+ 1
δk
y(t1), t1 + ρk + iδk ≤ t ≤ t1 + ρk + (i+ 1)δk, i = 0, 1, 2, . . .
and so
x(t) ≤ 1
δk
(∫ t
t1
u(s)ds+ y(t1)
)
, t ≥ t1, (20)
which, together with (16) and (17) implies that
x(t − k− σ) ≤ 1
δk
(∫ t−k−σ
t1
u(s)ds+ y(t1)
)
= 1
δk
y(t − k− σ) < 1
δk
y(t), t ≥ t1 + τ.
Substituting this into (15), we obtain
u′(t)+ H(t − k+ τ − σ)x(t − k− σ) ≤ 0, t ≥ t1 + τ.
It follows, from (18), that(
x(t)− R(t)x(t − r)−
∫ t
t−k
Q(s)x(s− σ)ds−
∫ t−k+τ−σ
t
P(s)x(s− τ)ds
)′
+H(t − k+ τ − σ)x(t − k− σ) ≤ 0, t ≥ t1 + ρk,
that is,
[x(t)− R(t)x(t − r)]′ + P(t)x(t − τ)− Q(t)x(t − σ) ≤ 0, t ≥ t1 + ρk.
By Lemma 3, we see that Eq. (1) has an eventually positive solution. The proof is complete. 
The following result is given in [1].
Lemma 5. Let p(t) ∈ C ([t0,∞),R+) . If
t
∫ ∞
t
p(s)ds ≤ 1
4
, for sufficient large t, (21)
then the following differential equation:
y′′(t)+ p(t)y(t) = 0 (22)
has an eventually positive solution.
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Theorem 1. Assume that (2) holds and there exists a real number k ∈ [0, τ − σ] such that (5) holds. If
t
∫ ∞
t
H(s− τ + σ)ds ≤ δk
4
for sufficient large t, (23)
then Eq. (1) has an eventually positive solution.
Theorem 1 is an immediate consequence of Lemmas 4 and 5.
Theorem 2. Assume that (2) holds and there exists a real number k ∈ [0, τ − σ] such that (5) holds. Then Eq. (1) has a bounded
eventually positive solution if and only if∫ ∞
0
s (P(s+ τ − σ)− Q(s)) ds <∞. (24)
Proof. Let x(t) be a bounded eventually positive solution of (1). Let z(t) be defined by (8). By Lemma 1 we see that z(t) is
bounded and for some positive number t1
z′(t) ≤ 0, z(t) > 0, t ≥ t1.
By (1) and (8), we have
z′(t)+ H(t − k+ τ − σ)x(t − k− σ) = 0,
and so
z(t) ≥
∫ ∞
t
H(s− k+ τ − σ)x(s− k− σ)ds, t ≥ t1,
that is,
x(t) ≥ R(t)x(t − r)+
∫ t
t−k
Q(s)x(s− σ)ds+
∫ t−k+τ−σ
t
P(s)x(s− τ)ds
+
∫ ∞
t
H(s− k+ τ − σ)x(s− k− σ)ds, t ≥ t1. (25)
By using the same arguments as in the proof of Lemma 2 in [11], we know that for some M > 0 and number t2 > t1,
x(t) ≥ M, t ≥ t2 − ρk,
which, together with (25), yields
x(t) ≥ R(t)x(t − r)+
∫ t
t−k
Q(s)x(s− σ)ds+
∫ t−k+τ−σ
t
P(s)x(s− τ)ds
+M
∫ ∞
t
H(s− k+ τ − σ)ds, t ≥ t2. (26)
Let A(t) = M ∫∞t H(s − k + τ − σ)ds for t ≥ t2; then A(t) is nonincreasing and limt→∞ A(t) = 0. Thus, there exists a number
T ≥ t2 such that
x(t) ≥ 1
ρk
∫ t+ρk
T
A(s)ds, T ≤ t ≤ T + ρk.
By (26) and arguments similar to those in the proof of Lemma 2, we can obtain
x(t) ≥ 1
ρk
∫ t+ρk
T
A(s)ds, t ≥ T. (27)
Since x(t) is bounded, it follows that∫ ∞
T
A(s)ds <∞
and so (24) holds.
Now, assume that (24) holds; we must prove that Eq. (1) has a bounded eventually positive solution. By (24) we may
choose a number t1 such that
1
δk
∫ ∞
t1
sH(s− k+ τ − σ)ds+
∫ ∞
t1
H(s− k+ τ − σ)ds ≤ 1. (28)
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Let B(t) = ∫∞t H(s− k+ τ − σ)ds , t ≥ t1; then B(t) is nonincreasing and limt→∞ B(t) = 0. Define a function as follows:
u(t) =

B(t1), t1 ≤ t ≤ t1 + ρk,
B(t)+ R(t)u(t − r)+
∫ t
t−k
Q(s)u(s− σ)ds+
∫ t−k+τ−σ
t
P(s)u(s− τ)ds,
t1 + ρk + iδk < t ≤ t1 + ρk + (i+ 1)δk, i = 0, 1, 2, . . . .
(29)
Then u(t) > 0 for t ≥ t1 and
u(t) = B(t)+ R(t)u(t − r)+
∫ t
t−k
Q(s)u(s− σ)ds+
∫ t−k+τ−σ
t
P(s)u(s− τ)ds, t ≥ t1 + ρk. (30)
From (29), we have
u(t) ≤ 1
δk
∫ t
t1
B(s)ds+ B(t1), t1 ≤ t ≤ t1 + ρk.
By using the same arguments as in the proof of Lemma 4, we have
u(t) ≤ 1
δk
∫ t
t1
B(s)ds+ B(t1), t ≥ t1, (31)
which, together with (28), implies that
0 < u(t) ≤ 1, t ≥ t1. (32)
From (30), we have(
u(t)− R(t)u(t − r)−
∫ t
t−k
Q(s)u(s− σ)ds−
∫ t−k+τ−σ
t
P(s)u(s− τ)ds
)′
+H(t − k+ τ − σ) = 0, t ≥ t1 + ρk. (33)
From (32) and (33), we have(
u(t)− R(t)u(t − r)−
∫ t
t−k
Q(s)u(s− σ)ds−
∫ t−k+τ−σ
t
P(s)u(s− τ)ds
)′
+H(t − k+ τ − σ)u(t − k− σ) ≤ 0, t ≥ t1 + ρk,
that is
(u(t)− R(t)u(t − r))′ + P(t)u(t − τ)− Q(t)u(t − σ) ≤ 0, t ≥ t1 + ρk.
By Lemma 3, we obtain that Eq. (1) has an eventually positive solution x(t) with 0 < x(t) ≤ u(t) eventually, so x(t) is a
bounded positive solution of Eq. (1). The proof is complete. 
Now, by Theorems 1 and 2, we have the following:
Corollary 1. Assume that (2) holds and there exists a real number k ∈ [0, τ − σ] such that (5) holds, and that∫ ∞
0
sH(s+ τ − σ)ds = ∞ and t
∫ ∞
t
H(s+ τ − σ)ds ≤ δk
4
for sufficient large t. (34)
Then Eq. (1) has an unbounded eventually positive solution.
Example 1. Consider the equation
(
x(t)− 1
2
x(t − 4)
)′
+ 1
2
x(t − 5)−
(1
2
− t−β
)
x(t − 4) = 0, t ≥ 0, (35)
where β is a real constant. It is clear that condition (5) holds for k = 0 and all conditions of Theorem 1 are satisfied. Thus, we
can obtain that (35) has an eventually positive solution when β > 2 or β = 2 and δk ≥ 4. On the other hand, since condition
(4) is not satisfied, we cannot obtain the same conclusion from the results in [9].
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